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Abstract

An attempt is made to carry out a program (outlined in a previous pa-
per) for defining the concept of a random or patternless, finite binary
sequence, and for subsequently defining a random or patternless, in-
finite binary sequence to be a sequence whose initial segments are all
random or patternless finite binary sequences. A definition based on
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the bounded-transfer Turing machine is given detailed study, but insuf-
ficient understanding of this computing machine precludes a complete
treatment. A computing machine is introduced which avoids these dif-
ficulties.
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1. Introduction

In this section a definition is presented of the concept of a random or
patternless binary sequence based on 3-tape-symbol bounded-transfer
Turing machines.? These computing machines have been introduced
and studied in [1], where a proposal to apply them in this manner is
made. The results from [1] which are used in studying the definition
are listed for reference at the end of this section.

An N-state, 3-tape-symbol bounded-transfer Turing machine is de-
fined by an N-row, 3-column table. Each of the 3N places in this table
must contain an ordered pair (7, j) of natural numbers where i takes on
values from —b to b, and j from 1 to 5.> These entries constitute, when
specified, the program of the N-state, 3-tape-symbol bounded-transfer
Turing machine and are to be interpreted as follows. An entry (i, 7)
in the kth row and the pth column of the table means that when the
machine is in its kth state, and the square of its one-way infinite tape

! Address: Mario Bravo 249, Buenos Aires, Argentina.

2The choice of 3-tape-symbol machines is made merely for the purpose of fixing
ideas.

3Here b is a constant whose value is to be regarded as fixed throughout this
paper. Its exact value is not important as long as it is not “too small.” For an
explanation of the meaning of “too small,” and proofs that b can be chosen so that
it is not too small, see [1, Secs. 2.1 and 2.2]. (b will not be mentioned again.)
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1 00110 o | ------
END OF TAPE SCANNER TAPE
BrLAcK Box

Figure 1. A Turing machine

HALTED

Figure 2. The end of a computation

which is being scanned contains the pth symbol, then if 1 < k47 < N,
the machine is to go to its (k + i)-th state (otherwise, the machine is
to halt) after performing one of the following operations:

(a) moving the tape one square to the right if j = 5;
(b) moving the tape one square to the left if j = 4;

(c) marking (overprinting) the square being scanned with the jth
symbol if 1 < j < 3.

The first, second, and third symbols are called, respectively, the
blank (for unmarked square), 0, and 1.

A bounded-transfer Turing machine may be represented schemati-
cally as shown in Figure 1. We make the following stipulations: initially
the machine is in its first state and scanning the first square of the tape;
no bounded-transfer Turing machine may in the course of a calculation
scan the end square of the tape and then move the tape one square to
the right; initially all squares of the tape are blank; only orders to trans-
fer to state N +1 may be used to halt the machine. A bounded-transfer
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Turing machine is said to calculate a particular finite binary sequence
(e.g. 01111000) if the machine stops with that sequence written at the
end of its tape, with all other squares of the tape blank, and with its
scanner on the first blank square of the tape. Figure 2 illustrates a ma-
chine which has calculated the particular sequence mentioned above.

Before proceeding we would like to make a comment from the point
of view of the programmer. The logical design of the bounded-transfer
Turing machine provides automatically for relocation of programs, and
the preceding paragraph establishes linkage conventions for subroutines
which calculate finite binary sequences.

Two functions are now defined which play fundamental roles in all
that follows. L, the first function,* is defined on the set of all finite
binary sequences S as follows: An N-state, 3-tape-symbol bounded-
transfer Turing machine can be programmed to calculate S if and only
if N > L(S).

The second function L(C,,) is defined as

L(Cn) = s ofrnle%g:th nL(S)
where the maximum is taken (as indicated) over all binary sequences
S of length n. Also denote by® C,, the set of all binary sequences S of
length n satisfying L(S) = L(C,,).

An attempt is made in [1, Sec. 3.1] to make it plausible, on the
basis of various philosophical considerations, that the patternless or
random finite binary sequences of length n are those sequences S for
which L(S) is approximately equal to L(C,,). Here an attempt is made
to clarify this (somewhat informal) definition and to make it plausible
by proving various results concerning what may be termed statistical
properties of such finite binary sequences. The set C, of patternless
or random, infinite binary sequences is formally defined to be the set
of all infinite binary sequences S which satisfy the following inequality
for all sufficiently large values of n:

L(S,) > L(Cy) — f(n)

4Use of the letter “L” is suggested by the phrase “the Length of program neces-
sary for computing...”.

5Use of the letter “C” is suggested by the phrase “the most Complex binary
sequences of length...”.
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where f(n) = 3log,n and S, is the sequence of the first n bits of S.
This definition, unlike the first, is quite precise but is also somewhat

arbitrary. The failure to state the exact cut-off point at which L(S)

becomes too small for S to be considered random or patternless gives

to the first definition its informal character. But in the case of finite

binary sequences, no gain in clarity is achieved by arbitrarily settling

on a cut-off point, while the opposite is true for infinite sequences.
The results from [1] which we need are as follows:

L(S % 8') < L(S) + L(S") (1)

where S and S’ are finite binary sequence and * is the concatenation
operation.

There exists a positive real constant a* such that (3)
(L(Cn)/n) = a (3a)
Tim (L(C,) /) = o (3)

There exists an integer ¢ such that there are less than 2"~ binary
sequences S of length n satisfying the inequality

L(S) < L(C,) —logyn —m — c. (4)

Inequalities (1), (2), and (3a) are used only in Section 6, and (4) is used
only in Section 7. For the proofs of (1), (2), and (3) see [1, Sec. 2.3].
The validity of inequality (4) is easily demonstrated using the method
of [1, Sec. 2.4].

The following notational conventions are used throughout this pa-
per:

(a) * denotes the concatenation operation.

(b) Let S be a finite binary sequence. S™ denotes the result of con-
catenating S with itself n — 1 times.

(c¢) Let m be a positive integer. B(m) denotes the binary sequence
which is the numeral representing m in base-two notation; e.g.
B(37) = 100101. Note that the bit at the left end of B(m) is
always 1.
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(d) Let z be a real number. [z] denotes the least integer greater than
the enclosed real x. Note that this is not the usual convention,
and that the length of B(m) is equal to [log, m]. This last fact
will be used but not explicitly mentioned.

(e) €, denotes a (not necessarily positive) function of x, and possibly
other variables, which approaches zero as x approaches infinity
with any other variables held fixed.

(f) Let S be an infinite binary sequence. Sy denotes the binary se-
quence consisting of the first k bits of S.

2. The Fundamental Theorem

All of our results concerning the statistical properties of random binary
sequences will be established by applying the result which is proved in
this section.

Theorem 1. Let ¢ be an effective ordering of the finite binary
sequences of any given length among themselves; i.e. let ¢ be an ef-
fectively computable function with domain consisting of the set of all
finite binary sequences and with range consisting of the set of all pos-
itive integers, and let the restriction of ¢ to the domain of the set of
all binary sequences of length n have the range {1,2,3,...,2"}. Then
there exists a positive integer ¢ such that for all binary sequences S of
length n,

L(S) < L(Chogy a(s)) + L(Cliogyn]) + -

Proof. The program in Figure 3 calculates S and consists of the
following number of rows:

1+ L(B(q(5))) + 1+ L(B(n)) + (¢ =2) < L(Cliog, o(5))) + L(Cllog, ) + ¢

3. An Application: Matching Pennies

The following example of an application of Theorem 1 concerns the
game of Matching Pennies.
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Section I:

1,41414

Section II consists of L(B(q(5))) rows. It is a
program for calculating B(q(S)) consisting of the
smallest possible number of rows.

Section I1I:

1,41414

Section 1V consists of L(B(n)) rows. It is a
program for calculating B(n) consisting of the
smallest possible number of rows.

Section V consists by definition of ¢ — 2 rows.
It calculates the effectively computable function
q_l(Q(S)an) = 5;

it finds the two arguments on the tape.

Figure 3. Proof of Theorem 1

According to the von Neumann and Morgenstern theory [2] of the
mixed strategy for nonstrictly determined, zero-sum two-person games,
a rational player will choose heads and tails equiprobably by some “de-
vice subject to chance”.

Theorem 2. Let 51,5,S55,... be a sequence of distinct, finite
binary sequences of lengths, respectively, nq,nq,ng, ... which satisfies
L(Sk) ~ L(C,,). Let st be an effectively computable binary function
defined on the set of all finite binary sequences and the null sequence.
For each positive integer k consider a sequence of ny plays of the game
of Matching Pennies. There are two players: A who attempts to avoid
matches and B who attempts to match A’s penny. The players employ
the following strategies for the mth (1 < m < ny) play of the sequence.
A’s strategy is to choose heads (tails) if the mth bit of Sy is 1 (0).
B’s strategy is to choose heads (tails) if 1 (or 0) = st(the sequence
consisting of the m — 1 successive choices of A up to this point on this
sequence of plays, heads being represented by 1 and tails by 0). Then
as k approaches infinity, the ratio of the two quantities (the sum of
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the payoffs to A (B) during the kth sequence of plays of the game of
Matching Pennies) approaches the limit 1.

In other words, a random or patternless sequence of choices of heads
or tails will be matched about half the time by an opponent who at-
tempts to predict the next choice in an effective manner from the pre-
vious choices.

The proof of Theorem 2 is similar to the proof of Theorem 3 below,
and therefore is omitted.

4. An Application: Simple Normality

In analogy to Borel’s concept of the simple normality of a real number
r in the base b (see [3, Ch. 9] for a definition of this concept of Borel),

let a sequence Si,Ss,Ss,... of finite b-ary sequences be called simply
normal if
. the number of occurrences of ¢ in S, 1
im i
k—o00 the length of Si b

for each of the b possible values of a. The application of Theorem 1 given
in this section concerns the simple normality of a sequence S7, S5, S5, . ..
of finite b-ary sequences in which each of the S}, is associated with a
binary sequence Sy in a manner defined in the next paragraph. It will
turn out that L(Sy) ~ L(C,, ), where ny is the length of Sy, is a suffi-
cient condition for the simple normality of the sequence of associated
sequences.

Given a finite binary sequence, we may place a binary point to its
left and consider it to be the base-two notation for a nonnegative real
number 7 less than 1. Having done so it is natural to consider, say, the
ternary sequence used to represent r to the same degree of precision
in base-three notation. Let us define this formally for an arbitrary
base b. Suppose that the binary sequence S of length n represents a
real number r when a binary point is affixed to its left. Let n’ be the
smallest positive integer for which 2" < b". Now consider the set of all
reals written in base-b notation as a “decimal” point followed by any
of the b b-ary sequences of length n’, including those with 0’s at the
right end. Let r’ be the greatest of these reals which is less than or
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equal to r, and let the b-ary sequence S’ be the one used to represent
r’ in base-b notation. S’ is the b-ary sequence which we will associate
with the binary sequence S. Note that no two binary sequences of the
same length are associated with the same b-ary sequence.

It is now possible to state the principal result of this section.

Theorem 3. Let 51,55,S55,... be a sequence of distinct, finite
binary sequences of lengths, respectively, nq,nq,ng, ... which satisfies
L(Sk) ~ L(Cy,). Then the sequence S}, 5%, 5%, ... of associated b-ary
sequences is simply normal.

We first prove a subsidiary result.

Lemma 1. For any real number e > 0, any real number d > 1,
b, and 0 < j < b, for all sufficiently large values of n, if S is a binary
sequence of length n whose associated b-ary sequence S’ of length n’
satisfies the following condition

the number of occurrences of j in S” 1
—71>6 (5)

then

Here
b
H(p17p27 e 7pb) (pl > 07p2 > 07 SN s Oazpz = 1)
i=1
is defined to be equal to
b
—sz' log, pi
i=1

where in this sum any terms 0log, 0 are to be replaced by 0.
The H function occurs because the logarithm to the base two of

> o-0(}),

kb1
|W* b |>e
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the number of b-ary sequences S’ of length n’ which satisfy (5) is asymp-
totic, as n approaches infinity, to

, 1 e 1 e 1
”H(b b1 b b1 b+€>
which is in turn asymptotic to nH/log, b, for n’ ~ n/log, b. This may
be shown by considering the ratio of successive terms of the sum and
using Stirling’s approximation, log(n!) ~ nlogn [4, Ch. 6, Sec. 3].
To prove Lemma 1 we first define an ordering ¢ by the following two
conditions:

(a) Consider two binary sequences (of length n) S and T" whose associ-
ated b-ary sequences (of length n’) S” and T” contain, respectively,
s and t occurrences of j. S comes before (after) T"if

1

n bl

S
")

b is greater (less) than

(b) If condition (a) doesn’t settle which of the two sequences of length
n comes first, take S to come before (after) 7" if S” represents (ig-
noring 0’s to the left) a larger (smaller) number in base-b notation
than T” represents.’

Proof. We now apply Theorem 1 to any binary sequence S of length
n such that its associated b-ary sequence S’ of length n’ satisfies (5).
Theorem 1 gives us

L(S) < L(Clogy a(s))) + L(Cliogy ) + ¢ (6)
where, as we know from the paragraph before the last, for all sufficiently

large values of n,

nH
log, b’

1

log, ¢(95) < (1 + Z(d - 1))

(7)

From (3b) and (7) we obtain for large values of n,

nH
log, b’

L{Chugysy) < a* (14 5(d = 1) ®)

6This condition was chosen arbitrarily for the sole purpose of “breaking ties.”



Computing Finite Binary Sequences: Statistical Considerations 11

And eq. (3b) implies that for large values of n,

nH
log, b

1
L(C[logQH]) +e<a'=(d—-1)

| )

Adding inegs. (8) and (9), we see that ineq. (6) yields, for large values

of n,
nH

log, b’

3
L(S) < a* (1 + (- 1))
Applying eq. (3b) to this last inequality, we see that for all sufficiently
large values of n,

logo b

which was to be proved.
Having demonstrated Lemma 1 we need only point out that Theo-
rem 3 follows immediately from Lemma 1, eq. (3b), and the fact that

H(p17p27 s 7pb> S 10g2 ba

with equality if and only if

1
p1=p2=---=pb26

(for a proof of this inequality, see [5, Sec. 2.2]).

5. Applications of a von Mises Place Selec-
tion V

In this section we consider the finite binary sequence S’ resulting from
the application of a von Mises place selection V' to a finite binary se-
quence S which is random in the sense of Section 1. For S not to be
rejected as random in the sense of von Mises [6] (i.e. in von Mises’ ter-
minology, for S not to be rejected as a collective”), S’ must contain
about as many 0’s as 1’s.

"Strictly speaking we cannot employ von Mises’ terminology here for von Mises
was interested only in infinite sequences. Kolmogorov [7] considers finite sequences.
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A place selection V' is defined to be a binary function (following
Church [8], it must be effectively computable) defined on the set of all
finite binary sequences and the null sequence. If S = S" % S” is a finite
binary sequence, then V(S’) = 0 (1) is interpreted to mean that the
first (i.e. the leftmost) bit of S” is not (is) selected from S by the place
selection V.

By applying Theorem 1 and eq. (3b) we obtain the principal result
of this section.

Theorem 4. Let 57,55, 53, ... be a sequence of distinct finite bi-
nary sequences of lengths, respectively, ni,ns,ns,... which satisfies
L(Sk) ~ L(C,, ). Let V' be any place selection such that

) length of subsequence of S selected by V'
int < length of 5 >0 D)

where the infinum is taken over all finite binary sequences S. Then as
k approaches infinity, the ratio of the number of 0’s in the subsequence
of Sk which is selected by V' to the number of 1’s in this subsequence
tends to the limit 1.

Before proceeding to the proof it should be mentioned that a sim-
ilar result can be obtained for the generalized place selections due to
Loveland [9-11].

The proof of Theorem 4 runs parallel to the proof of Theorem 3. The
subsidiary result which is proved by taking in Theorem 1 the ordering
q defined below is

Corollary 1. Let e be a real number greater than 0, d be a real
number greater than 1, S be a binary sequence of length n, and let V'
be a place selection which selects from S a subsequence S’ of length n’.

Suppose that

the number of 0’s in S 1
——| >e. (a)
n' 2

Then for n’ greater than N we have
L(S) < L(Clhogy a(s)1) + L(Criogym) + ¢4

where
1

1
logy q(5) < n’dH(§ te g - e)+ (n—n').
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Here N depends only on e and d, and ¢ depends only on V.

Definition.® Let S be a binary sequence of length n, let S’ of length
n' be the subsequence of S selected by the place selection V', and let
S” be the subsequence of S which is not selected by V. Let?

Q=F(S)*S" %01 B}« B} B *---
where each B; is a single bit and
1% By % By x By * - -- = B(the length of F'(S")).

We then define ¢(S) to be the unique solution of B(q(S)) = Q.

Definition. (Let us emphasize that F'(S’) is never more than about

1 1
n’H(§+e,§ —e)

bits long for S” which satisfy supposition (a) of Cor. 1: this is the crux
of the proof.) Consider the “padded” numerals for the integers from
0 to 2" — 1; padded to a length of n’ bits by adding 0’s on the left.
Arrange these in order of decreasing

m 1

n 2
where m is the number of 0’s in the padded numeral, and when this
does not decide the order, in numerical order (e.g. the list starts
0™, 1™,0" =" % 1,0"2 % 10,...). Suppose that S’ is the kth padded
numeral in the list. We define F'(S’) to be equal to B(k). Further
details are omitted.

8Strictly speaking, this definition is incorrect. S’, reconstructed from F(S’) and
n, and S” can be “pieced together” to form S using V to dictate the intermixing,
and thus ¢(S) = ¢(T) for S and T of the same length only if S = T. But ¢(5)
is greater than 2" for some binary sequences S of length n. To correct this it is
necessary to obtain the “real” ordering ¢’ from the ordering ¢ that we define here
by “pressing the function ¢ down so as to eliminate gaps in its range.” Formally,
consider the restriction of g to the domain of all binary sequences of length n. Let
the kth element in the range of this restriction of ¢, ordered according to magnitude,
be denoted by r. Let S satisfy ¢(S) = rip. We define ¢/(S) to be equal to k. As,
however, the result of this redefinition is to decrease the value of ¢(S) for some S,
this is a quibble.

90ur superscript notation for concatenation is invoked here for the first time.
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6. Fundamental Properties of the L-Func-
tion

In Sections 3-5 the random or patternless finite binary sequences have
been studied. Before turning our attention to the random or patternless
infinite binary sequences, we would like to show that many fundamental
properties of the L-function are simple consequences of the inequality
L(S*S") < L(S)+L(S’) taken in conjunction with the simple normality
of sequences of random finite binary sequences.

In Theorem 3 take b = 2* and let the infinite sequence Sy, Ss, Ss, . . .
consist of all the elements of the various C),’s. We obtain

Corollary 2. For any e > 0, k, and for all sufficiently large values
of n, consider any element S of C,, to be divided into between (n/k)—1
and (n/k) nonoverlapping binary subsequences of length & with not
more than k — 1 bits left over at the right end of S. Then the ratio
of the number of occurrences of any particular one of the 2¥ possible
binary subsequences of length k to (n/k) differs from 27% by less than
e.

Keeping in mind the hypothesis of Corollary 2, let S be some ele-
ment of C,,. Then we have L(C,) = L(S), and from Corollary 2 with

L(S)=L(S" 5"« 8" %) < L(S")+ L(S") + L(S") +
(this inequality is an immediate consequence of (1)) this gives us
L(C,) < m D1+ en) 27" L(S)
where the sum is taken over the set of all binary sequences of length k.

That is,
(L(Cy)/n)k < (1+6,)(27% > L(S)
with which (3a) or (L(C},)/n) > a* gives

a'k < (1+6,)27"Y L(S)

We conclude from this last inequality the following theorem.
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Theorem 5. For all positive integers k,'°

atk<2% > L(S).

S of length k

Note that the right-hand side of the inequality of Theorem 5 is
merely the expected value of the random variable L = L(.S) where the
sample space is the set of all binary sequences of length k to which
equal probabilities have been assigned. With this probabilistic frame-
work understood, we can denote the right-hand side of the inequality
of Theorem 5 by E{L} and use the notation Pr{...} for the probability
of the enclosed event. Recalling eq. (3b) and the definition of L(C}) as
max L, we thus have for any e > 0,

> Pr{S}L(S)

Pr{L < (1 —e)a*k} ((1 —e)a*k) +

(1 =Pr{L < (1—-e)a*k}) L(Cy)

Pr{L < (1 —e)a*k} ((1 —e)a*k) +

(1 —=Pr{L < (1—e)a*k}) ((1+ e)a*k),

a*k < E{L}

IA I

or
e — (e +€x) Pr{L < (1 —e)a’k} > 0.

Thus for any real e > 0,
klim Pr{L < (1 —e)a"k} =0. (11)

Although eq. (11) is weaker than (4), it is reached by a completely
different route. It must be admitted, however, that it is easy to prove
Theorem 5 from (4) by taking into account the subadditivity of the
right-hand side of the inequality of Theorem 5.

From Theorem 5 we now demonstrate

Corollary 3. For all positive integers n, (L(C,,)/n) > a*.

Proof. Since L(0™) < L(B(n))+c < [log, n]+¢, for large n, L(S) <
a*n for at least one binary sequence of length n, and we therefore may
conclude from Theorem 5 that for large n there must be at least one

10This statement remains true, as can be proved in several ways, if “<” replaces
44<77
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binary sequence S’ of length n for which L(S") > a*n; that is, for large
n?

(L(Cy)/n) > a". (12)

We now finish the proof of Corollary 3 by contradiction. Suppose
that Corollary 3 is false, and there exists an ng such that

(L(Cno)/10) = a”.

((L(Cyy)/no) < a* is impossible by (3a).) Then from (2) and (3a) it
would follow that for all positive integers k,

(L(Chno ) [Fn0) = a”,

which contradicts (12).

The final topic of this section is a derivation of

Theorem 6. L(C,) — a*n is unbounded.

Proof. Consider some particular binary sequence S which is a
member of C,. Then from Corollary 2, for large values of n there

must certainly be a sequence of k consecutive 0’s in S. Suppose that
S = R % 0% % T. Then we have

L(C,) = L(S) = L(R+ 0* x T') L(R) + L(0%) + L(T)
L(R) + L(B(k)) + ¢+ L(T)

L(C;) + L(C;) + [logy k] + ¢

IA A CIA

where ¢ is the length of R, j is the length of 7', and n —k =i+ j. That
is,

Lemma 2. For any positive integer k, for all sufficiently large values
of n there exist ¢ and j such that

L(C) < L(C) + L(C;) + [logy k] + ¢,
and n —k =1+ j.

Theorem 6 follows immediately from Lemma 2 through proof by
contradiction.
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7. Random or Patternless Infinite Binary
Sequences

This section and Section 8 are devoted to a study of the set Cy, of
random or patternless infinite binary sequences defined in Section 1.
Two proofs that C., is nonempty, both based on (4), are presented
here. The first proof is measure theoretic; the measure space employed
may be defined in probabilistic terms as follows: the successive bits
of an infinite binary sequence are independent random variables which
assume the values 0 and 1 equiprobably. The second proof exhibits an
element from C.

Theorem 7. (' is nonempty.

First Proof. From (4) and the Borel-Cantelli lemma, it follows im-
mediately that

Cw is a set of measure 1. (13)

Second Proof. 1t is easy to see from (4) that we can find an N so

large that
Y N2 <1 (14)

k>N

where Ny is the number of binary sequences S of length %k for which
L(S) < L(Cy) — 3log, k.

Consider the following process which never terminates (for that would
contradict (14)).

Start: Set k = 0, set S = null sequence, go to Loopl.

Loopl: Is k < N or L(S) > L(Cy) — 3logy k?
If so, set k =k + 1, set S =9%0, go to Loopl.
If not, go to Loop2.

Loop2: If S =5"%0, set S =5"*1, go to Loopl.
fS=85%1,sethk=k—1,set S=9".
If £ # 0, go to Loop2.
If k=0, stop.
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Then from Dirichlet’s box principle (if an infinity of letters is placed in
a finite number of pigeonholes, then there is always a pigeonhole which
receives an infinite number of letters) it is clear that from some point
on, the first bit of S will remain fixed; from some point on, the first
two bits of S will remain fixed; . ..; from some point on (depending on
n), the first n bits of S will remain fixed; ... Let us denote by Sy, the
infinite binary sequence whose nth bit is 0 (1) if from some point on,
the nth bit of S remains 0 (1). It is clear that Sy, is in Cw.

Remark. When C', was defined in Section 1, we pointed out that
this definition contains an arbitrary element, i.e. the choice of 3log, n
as the function f(n). In defining Cy it is desirable to choose an f
which goes to infinity as slowly as possible and which results in a Cy,
of measure 1. We will call such f’s “suitable.” From results in [1, Secs.
2.4 and 2.5], which are more powerful than (5), it follows that there is
an f which is suitable and satisfies the equations

{ limsup(f(n)/logyn) = 2a*,
liminf(f(n)/log,n) = a*.

The question of obtaining lower bounds on the growth of an f which is
suitable will be considered in Section 10, but there a different computing
machine is used as the basis for the definition of random or patternless
infinite binary sequence.

8. Statistical Properties of Infinite, Ran-
dom or Patternless Binary Sequences

Results concerning the statistical properties of infinite, random or pat-
ternless binary sequences follow from the corresponding results for finite
sequences. Thus Theorem 8 is an immediate consequence of Theorem
3, and Corollary 1 and eq. (3b) yield Theorem 9.

Theorem 8. Real numbers whose binary expansions are sequences
in C, are simply normal in every base.!!

1Tt is known from probability theory that a real r which is simply normal in
every base has the following property. Let b be a base, and denote by a,, the nth
“digit” in the base-b expansion of r. Consider a b-ary sequence c1,ca,...,Cn. Asn
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Theorem 9. Any infinite binary sequence in C, is a collective with
respect to the set of place selections? which are effectively computable
and satisfy the following condition: For any infinite binary sequence .S,

the number of bits in Sy which are selected by V' -

k; 0.

lim inf

9. A General Formulation: Binary Com-
puting Machines

Throughout the study of random or patternless binary sequences which
has been attempted in the preceding sections, there has been a recurring
difficulty. Theorem 1 and the relationship L(C,) ~ a*n have been
used as the cornerstones of our treatment, but the assumption that
L(C,) ~ a*n does not ensure that L(C,,) behaves sufficiently smoothly
to make really effective use of Theorem 1. Indeed it is conceivable that
greater understanding of the bounded-transfer Turing machine would
reveal that L(C,) behaves rather roughly and irregularly. Therefore a
new computing machine is now introduced.'?

To understand the logical design of this computing machine, it is
helpful to provide a general formulation of computing machines for cal-
culating finite binary sequences whose programs are also finite binary
sequences. We call these binary computing machines. Formally, a bi-
nary computing machine is a partial recursive function M of the finite
binary sequences which is finite binary sequence valued. The argument
of M is the program, and the partial recursive function gives the out-
put (if any) resulting from that program. Ly (S) and Ly (C,) (if the

approaches infinity the ratio of (the number of those positive integers k less than n
which satisfy ar = ¢1,ax+1 = 2, .., tm—1 = Cm) to 1 tends to the limit b=™.

12Wald [12] introduced the notion of a collective with respect to a set of place
selections; von Mises had originally permitted “all place selections which depend
only on elements of the sequence previous to the one being considered for selection.”

13The author has subsequently learned of Kolmogorov [13], in which a similar
kind of computing machine is used in essentially the same manner for the purpose
of defining a finite random sequence. Martin-Lof [14-15] studies the statistical prop-
erties of these random sequences and puts forth a definition of an infinite random
sequence.
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computing machine is understood, the subscript will be omitted) are
defined as follows:

Lﬂ$:{

S of length n

min s py=s(length of P),
oo if there are no such P,

In this general setting the program for the definition of a random or
patternless binary sequence assumes the following form: The pattern-
less or random finite binary sequences of length n are those sequences
S for which L(S) is approximately equal to L(C,,). The patternless or
random infinite binary sequences S are those whose truncations .S,, are
all patternless or random finite sequences. That is, it is necessary that
for large values of n, L(S,) > L(C,,) — f(n) where f approaches infinity
slowly.

We define below a binary computing machine M™* which has, as is
easily seen, the following very convenient properties.

(a) L(C,) =n+ 1.

(b) Those binary sequences S of length n for which L(S) < L(C,,)—m
are less than 2"~ in number.

(c¢) For any binary computer M there exists a constant ¢ such that
for all finite binary sequences S, Ly« (S) < Ly (S) + c.

The computing machine M* is constructed from the two-argument
partial recursive function U(P, M'), a universal binary computing ma-
chine. That is, U is characterized (following Turing) by the property
that for any binary computer M there exists a finite binary sequence
M’ such that for all programs P, U(P, M') = M(P) where both sides
of the equation are undefined whenever one of them is.

Definition. If possible!* let P = P’ x B where B is a single bit. If
B =1 then we define M*(P) to be equal to P’. If B = 0 then let the
following equation be examined for a solution: P’ = S % T % 01 * B}
B2 % B2 % - - - where each B; is a single bit, 1% By % By x By*--- = B(n),
and T is of length n. If this equation has a solution then the solution
must be unique, and we define M*(P) to be equal to U(S,T).

Y That is, if P is a single bit this is not possible. M*(P) is therefore undefined.
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10. Bounds on Suitable Functions

In Section 7 we promised to provide bounds on any f which is suitable
(i.e. suitable for defining a C, of measure 1). We prove here that

limsup f(k)/log, k > 1,

the constant being best possible.

We use the result [4 (1950 ed.), p. 163, prob. 4] that the set # of
those infinite binary sequences S for which r(S;) > [log, k] infinitely
often is of measure 1; here r denotes the length of the run of 0’s at the
right end of the sequence.!> As # and C., are both of measure 1, they
have an element S in common. Then for infinitely many values of k,

{ L(Sk) > L(Cy) — f(k),
7(Sk) > [log, k.

But taking into account property (c) of M*, we see that Sj, = - - -x0llos2 ¥l
implies that L(Sy) < L(Ck_[og, #)) + ¢. Thus for infinitely many values
of k,

L(Cl—piog, 1) + ¢ = L(Sk) > L(Cy) — f(k)

or
k—[logo k| +1+c¢> L(Sy) > k+1— f(k),

which implies that f(k) > [log, k| — ¢. Hence limsup f(k)/log, k must
be greater than or equal to 1.

Now it is necessary to show that the constant is the best possible.
From the Borel-Cantelli lemma and property (b) of M*, we see at once
that for f to be suitable, it is sufficient that

(e 9]

Z 9—f(k)

k=1

converges. Thus f(k) = log,(k(logk)?) is suitable, and this f(k) is
asymptotic to log, k.

15We are indebted to Professor Leonard Cohen of the City University of New
York for pointing out to us the existence of such results.
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11. Two Analogues to the Fundamental
Theorem

To study the statistical properties of binary sequences which are defined
to be random or patternless on the basis of the computing machine M*,
it is necessary to have, in addition to properties (a) and (b) of M*, an
analogue to Theorem 1. We state two, the second of which is just a
refinement of the first. Both are proved using property (c) of M*.

Theorem 10. On the hypothesis of Theorem 1, for all binary
sequences S of length n,

L(S) < L(B(q(S)) * B(n) * 01 % B * B} x B2 % -++) + ¢

where each B; is a single bit and 1 * By % By % B3 x --- = B([logy n]).
Thus
L(S) < L(Cg(q(S),n)) +c< g(q(S), n) + d

where
9(q(5), n) = [logy q(5)] + [log, n] + 2[logy[log, n]].
Theorem 11. On the hypothesis of Theorem 1, for all binary
sequences S of length n,

L(S) < L(B(q(S)) * B(n+2 — [logy q(9)]) *01 % B{ * B3 x B3 % --+) + ¢

where each B; is a single bit, 1% By % By Byx--- = B([log, g(q(5),n)]),
and

9(q(S),n) =n + 2 — [log, q(S)].

Thus
L(S) < L(Ch(q(S),n)> +c< h(Q(S>7 TL) + Cl

where
h(q(S),n) = [log, q(S)] + [logy g(q(S),n)] + 2[log,[log, g(q(S), n)]].

On comparing property (a) of M*, property (b) of M*, and Theo-
rem 11 with, respectively, (3b), (4), and Theorem 1, we see that they
are analogous but far more powerful. It therefore follows that Sections
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3-5, 7, and 8 can be applied almost verbatim to the present comput-
ing machine. In particular, Theorem 2, Lemma 1, Theorem 4, (13),
Theorem 8, and Theorem 9 hold, without any change whatsoever, for
the random sequences defined on the basis of M*. In all cases, how-
ever, much stronger assertions can be made. For example, in place of
Theorem 9 we can state that
Theorem 12.'6 The set C, of all infinite binary sequences S which

have the property that for all sufficiently large values of k, L(Sk) >
L(Cy) — logy(k(log k)?), is of measure 1, and each element of Cy, is
a collective with respect to the set of place selections V' which are
effectively computable and satisfy the following condition:!” For any
infinite binary sequence .S,

. the number of bits in S; which are selected by V'

lim = 00
k—o0 log, k
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